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ABSTRACT

Theories for predicting the Magnus force for oleiider,
- pointed bodies of revolution at smnall angle of' attack and

small spin rates are reviewed. A semi-empirical method for'
-calculating Cy, is discussed and shown to be applicable to

a varie.ty of bodies and experimental situations.
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SYMBOLS

0C Crossflow correlation constant

C Two dimensional lift coefficient lift per unit span/½pUc2 dCIC

C Magnus force coefficient 8F /pU 2 rd2-
y~p p

C Slope of Cy
y~pct Yp D

S'Fy Magnus force

L Length of body

M Mach number

SRo Radius to the outer edge of the boundary layer

R Reynolds number - based on length

U d
Rc Crossflow Reynolds number,

U Freestream velocity

Uc Crossflow velocity, USina

..V4  Surface velocity of body due to spin

d Diameter of body

t( ) u.ction" 0 "1 .... . j contained within the no... %)S%7t &

k Constant of proportionality

k(x) Axial circulation distribution

p PVressure Wbitr

SNon-dimensionalizec spin rate -

V Radial Coordinate, see ri.gue 1

-4.., r Radius of the body

't Tire

iii.: 'Viii



- -eoct in--reto

u Velocity in x-direct ion

v Velocity in yh -direct ion

w Veilooityinae t ee F-ire re 1o

x Cxa oordinate, see Figure 1

y Coordinate., see Figure 1

a Angle of attack

6 Boundary layer thickness

JI Transformed radial coordinate

p Coefficient of absolute viscosity

4V Coefficient of kinematic viscosity

Tvansfi~rmed ixial coordinate

P Density

I Shear Stres

w Angular velocity, r~d/sec

r Circulation

ro Citv*_ulation based~i on surface velocity of the~ body

Subscript:; x., r, ', ti, dellotd dift-owentiation With ret~pect

to the subscript.

Subscripts 0,, 1, 2, 3, 4~, 5 denote the order of the approximation.

(The reverse of this page i,.s blank.)
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SECTION I

INqTRODUCTION

When a sphere, cylinder, or other body of revolution whidh
is moving through a fluid is rotated such that the axis of
rotation is at an angle from its direction of translation, an
aerodynamic force is produced. This force, called Magnus force,
is in addition to lift or drag which may occur with or without
spin. The direction of the Magnus force is perpendicular to
the plane formed by the axis of rotation and the translation
direction. The magnitude of this force is small when compared
to the normal force which may be developed on a cylindrical
body typical of a modern missile. It is found to be less than
about 5 percent of this normal force. H~owever, this force and
its associated moment about the body center of gravity may be
very important in predicting the flight path of spinning pro-
jectiles. For this reason it is of considerable interest to
"aerodynamicists and ballisticians. Although the Magnus effect
has been observed for centuries and many measurements of its
magnitude have been made, its origins have largely not been
understood. It is th:e purpose of this report to review some
of the theories that have been proposed to date and evaluate them
as to their effectiveness in explaining and prIictig the wag-
nitude of this fvoree.

"t-.
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SECTION II

HISTORICAL DISCUSSION

According to Swansonl the first record of the observation
of the drift of a spinning body was made by C. T. Walker in
1671, the body was a sliced tennis ball. Later in 1730 B.
Robins 2 expressed the opinion that the unexplained dispersion
of cannon balls was due to the fact that they were spinning.

In order to try to put the ideas on a more firm footing,
G. Magnus 3 in 1852 performed some crude experiments both in
the laboratory and in the field. He made nwasurements on a
spinninz cylinder with a flow normal to the axis of the cylinder
and found that unequal pressures were developed on opposite
sides of the cylinder due to the combination of the normal flow
and the spin. In order to field test this on spheres, he fired
musket balls which had the center of mass displaced from theirgeometric center. Then by placing the mass center to the right
or left of the centerline of the musket, he could cause a sP-n
to the right or left to develop. Hie found that in thi.s way
he could cause the musket ball to dritt either to the lect or
right depending upon the direction of the spin. TIhis demon-
.strated that the earlier ideas had been cc-rect, and the phe-
nomena came to be -aljoed the Magnus effect.

"Lord Raleigh-, while studying the flight of a sliced tennis
ball, was the first perscon tro sWt up an ide-.al ilow z'o~prestenazaion.
of the situatien. Re -orcnttt ed t-hat if orieo su ~rimpeos -t
uniforn PQtent1Ukl oil .2w "1 a cul-atwn z tiwcc !It the proper
direct ion will be predueed. tie noted, howevor, that hi,. rodcl
was app" .icahl nvt af.-±~4u ud 1i yhr rdc td

t4i- &-,.ent • a -he nrtc-S cir vulacn Per ii
r-elatioship between %h. 4pn rate- -nk rtntudW of the :orue
produced.

Tsereuiults W(;rc ±oltutjod by 'u4!imaentl by Ufay. in
Varis "ve9 ia I I 9A ' Thio tobt Wa 4 " tt) CPivitn

Sc Thide . .: WIth rorttenl tow lift .. t..qF' Lfd
ptbu dir-ritut ion:s werc obrain- ý%r tuatu .& Cf rrer Vritný"

dt varvying roational stpecd&'q. erie ~intcn teS~ U o t hi
tn.4t wac the 0bscrv-ni Aeon týA't[a lowi tC i &r n. na iv
M~agnus force de itt azoti'res obsav;ýed. 1hi (A Zr oiltvx;piaircdý
by )(rahn 3S and io asfsiciated vith tho traweitiou~ ofl theknav

A 1~~~~~aye~ ro f aia rout-.en f~

liii'di tci~i Ww thr. ocrd4c( I-.e irtdil ivnrud t cvh;l
was sOlved in ,141 when, 1 ,is.• I t-w, !d.,,,l

I-.



from boundary layer vorticity being shed by separation. The
net vorticity of the shed boundary layer was equal and opposit
to the resulting circulation. Rncent studies by Buford8 , Woo`a
and (lauert 1 0 show that the circulation imparted to the invis, 4d
flow i:; always lest; Ithia hii of tihe" il•ai ion ot the mc* .,

at tilet solid Surface.

More experimental work was done by Reid'1 , Thonl 2 ." and

others through about 1935. Since that time manty tests ;,ave been
run on various configurations and a large body of dat. .ist
against which to compare any proposed theoretical solution to
the problem. (See, for example, references 18 through 23.)

In more modern times a number of people have tried to. give
a solution for the problem. Examples of this may be seen in
the work of Martin2 , Buford 8 , Swansoni, Kelley25, Kelley and
Thacker 2 6 , Platou2 7 , Iverson2 8 , power 2 9 , and others.

Generally, the theories try to relate the Magnus force at
high angles of attack to the problem of normkal flow over a
spinning cylinder'. In Most ases of interes.t -he boundary layer

suvn su a cylindter will t.tvt, sepa|rated, and t ts' meecism i-o
•ithe iduvt ion of the tit, iV i:; ,vtord before, In the
ecae {VtyII nt wurat iuit .ut :;tijt 'Int/Ies a dityri rmt weeb-
a.( bili wu is. irett'.ed.

Mart in'it;•? • wk r ';AI4t5 te ,t* il tIt O ot tryin
to make preyictions by the u-e •ft tmtJirn boundary layer th•ory.
he aut ly r td Ih , uan i ;w A C t 1,1,. . i- - . ...
"lainatrlow . smjiale ofa attack,, ie Vht1aitte(d a stýýutioll
Oor, the tr-in';inMVadrvlaymerty lthv mtahod OtVdýV
tU- ,It tIt,, Withl- this he deti-• z•, n •ýi tth d - a4e• ¶ ,hick css

(it Thboundary layer and Usvd. luithi seV ontrct -- e Oh~ptr fftr
o't"c..... K,,, tvd:: tt- tho retraIy;1,, ' Wwn';-

force. Thi~ same aivuredeh wits cl~wct by Fe~-~at c811,iy
and tKlleysr who "tn arh Ill rq v wo t 11e 4hhrple t1r Wn and
include~d a radial presýsure cýradient a-nd trin cticn efc
Th-ics theorieyl nredict a linoar tuu'tioU %t- atta[e t ti attdach.

EX ier itgefl tzhor.W t"ta1 tbe.' forceei ~t1 vca wvit ain~bg
attack CW-fl At lew al alid sihawc

to~~~~~~ý t I*( 1!i5tid rP*0? tt#~-fl N<'t; i'~V1

dveop i lb di!rtarce de-wn I holwti Ivd =cb I 'he ;as-*v t low
ticve Irpý Theut in .ie~ic-rt~t~4iicia ylinder.
KIelly'S 3 2 wjOrk entn rd CtiP the rn~a ~cv n a 'In

sf.i nning cylinder at an anigle of attack usead thiu approach

•t



Platou 2 7 suggests then that perhaps the Magnus force could be
treated in an analogous manner. Platou further suggests that
the normal velocity for each section of such a spinning body
be taken as the component of the freestream velocity normal

! 1to the body axis. Further, the Magnus force on each section
would be related, not to the steady state Magnus forces on a
cylinder, but rather to the force on a rotating cylinder, im-
pulsively rotated from rest belo'k, it has developed the steady-
state force.

A numerical analysis of an impulsively rotated cylinder
immersed in a uniform freestream was performed by Thoman and
Szewczyk 3 3 . From this work the cylinder force coefficient can
be obtained as a function of time. Power and Iverson 2 8 12 9 used
Platou's27 suggestion and the results of Thoman and Szewczyk 3 3

to predict the variation of the Magnus force with angle of
attack and spin. The results predict the non-linearity with
angle of attack, but the final equation contains a correlation
constant which must be determined from experiment and which
seems to take on a large range of values.

14
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SECTION III

PROPOSED THEORIES

In this section several theories will be discussed that
have been proposed to explain the Magnus force on a cylindri-
cal spinning body which is inclined at a small angle a from
the freestream. The boundary layer will be assumed to be !am-
inar, and no provision is made for nose shape. Basi.-ally, all
of these theories derive from the work of Martin"- vho was the
first person to successfully apply modern boundary layer theory
to this problem. Martin reasoned that in the small angle-of-
attack region the Magnus force would not be due to circulation
but rather to a distortion of the effective shape of the body
due to the asymmetric boundary layer which would develop due

zto - spin. If this shape could be caiculated, potential flow
met! ý,vuld be used to determine the force. Martin's first
paper on this subject was in a cartesian coordinate system
which has not turned out to be the simplest one to use for this
case. In addition, there were some errors in the development.
For these reasons the work of Kelley 2 51 2 6 is used to show the

4basic methods for this solution of the problem. Kelley intro-
duced the cylindrical coordinate system as shown in Figure 1.

The Navier-Stokes equations for steady state incompress-
ible flow in the coordinate system shown in 1igure 1 are:

U + (rv)1, + w 0 (2)

uux + vul, + - (+,)

uw" .+l>"+ v!i + v[V#2v Lf awo] (3)uvx + vv, + •v- •. - - !.p, * iv -,- X.:. ¾w€

Sw + Vw- W + W

uW~~~ ~ ~ +¶ VW4+ýW r+ [1 12V (4)

where u and v are the velocities in the x and . dHrecttions- ad
' *v w is the velocity in, the € direction and subscripts dvnoe par-

tial differentiation.

As is customary in Boundary L,ayer, Theor-, the above equa-
tions are nondimensionalized and by an order-of-tnagitudo argunent

* they are reduced to the boundary ^ayer equations. (or details
of this reduction, see reference 2..) The non-dimensional boundary
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". ~U
U;- U+• U24 + U3 + U + U5 + U 6

Uv + 3 4 2 + 3 4 1  V 5 4-- = VI + V+v1 + V2 +. v• +I v Vs +- v

w
= W, + W2 + W + W 

5 + W 5. W

where u and vo are non-dimensional velocity components for
zero spin and zero angle of attack. The subscript 1 refers
to terms linear in a or w, and subscript 2 denotes terms of
o.%der a2 , u2w, W2, and so on for the other subscripts.

To zero order the above equations reduce to

Su 4 + (rv 0 )r 0 (b)

uu uO + vo - (10)

Eauation (4) vanishes since for a w 0, w = 0 and the deriva-
tive with respect to 0 also vanishes. Using numerical integra-
tion techniques, Seban and Bond 3 4 solved the two remaining
equations by making the transformations

: • = 1, -l, o v x

The solution may te ý.ritton

i o (13)

V •,j (f-" (14)

These satisfy equation (9) identically and allow equation (10)
to be written

7



ii:! (l+n•)fn + ffn + C[f fn f f 0 .(5
nn nT+ -Tin fn ()

This can be reduced to a system of ordinary differential equa-
tions by assuming f(n,0) to be a polynomial in C:

f(n,V) f0 (n) + f,(n)C + f 2 (n )C2 + (16)

and terminating this after the first order terms. Using this
reduces equation (15) to three third-order ordinary differential
equations with boundary conditions such that

u vz 0 w= rj at r 0  (17)

u U(1-a) (18)

w UaSino(l+-) for large r . (19)

The Navier-Stokes equations are rewritten six times, each
time considering terms of one higher order of perturbation.
Details of this calculation as well as the profiles of u, v,
and w are presented in reference 26.

Once u, v, and w were known, it was possible to calculate
how far a streamline at the outer edge of the boundary layer•: •would be moved outwar'd fr'om the position it wou~ld ha~ve had in

a frictionless fluid. That is the displacement thickness. The
method for doing this was worked out by Dunn and Ktl ley3 5 and
was done in detail by Kelly and Thac er-26. This gave an ef fee-
tive shape induced by the spin such as shown in Figuve 2.

.- e,ude body potential flow theory wav applied to this,
and a force coefficient was obtained in te'ms oi the profile
functions. This result is included in equation (21).

In the normal thin boundary layer theory it is customary
to assume that there is no pressuure giadient nom~al to the solid
surface. This assumption is not good in this caje. Equation
(8) shows that a non-zero value for •L will be obtained. This

equation tc order i will yield

•- .1 (;w)
•.., .p.,, .(20)

P r

.¢.,.: ,



'C'

Boundary Layer

rFigure 2. Effective Shape

•" ~~Usingt this relationsh~ip and the, w proil fun os Cele
•! •and ThaekerN6 obtain.ed it second order tem in the Magnus fo,. e
i•due to this; radial pres'sure gra~dient.

f As ia well kitown•, the sin fr'iction shear ... t -a
solid boundar'y ;ueh a, this problem presents is given, by New-
toll's relationship

?aw

If this is integrated over ant area, ki skin friction force isI obtained. Taking the y component, this cast be shown to be

9
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21T
F F r0TCosod4 per unit length.

Since the gradient 9w is not a constant around the circum-

Sference, a net side force results. Using the profile functions,
Kelley and Thacker 2 6 obtained a third order contribution to the
Magnus force from this mechanism.

Combining the effect of displacement thickness, radial
pressure gradient, and skin friction, they found

Cy,pa L ( (7.834 - 16.526 + .. (21)

This result is compared with a number of experimental measure-
ments in Figures 3 through 23.

As could be expected, due to the assumptions made in the
derivation, this equation does not give good results above very
small angles. In an effort to rectify this situation, Iver-
son2 8 and Power and Iverson 2 9 have modified this scheme to
account for the non-line•rity that has been found.

All of the previous work has assumed that no circulation
was present in tile inviscid outer flow since there was no sersar-
ation of the boundary lave'. It it known, however, from work

_z, Ott n ron-spinning slender bodies khaIt at rairly small anglal£ of
attack, about six degrees, body vort ices may be formed. It
seems quite plausible then to assume1 that an axial dis.tribution
of circulation may be induced. Powor and ivn'son 2 9 at.-SuIIM that
this cirUlation could be approximated by assuming that the
cr.oss-flow e-o0g the x-axis of tI s;piri.ting cyiindc• at low
angles of attack is siriiiar to thunwteady flow over, an im-
pulsively rotated cylinder phlced perjpendicular to the f4ree-
stream. The bounda"ry condit-.oznt at the outer edge ot the bound-
ary layer were assumed to be:

U U(l (22)
2

*W U Si),no 1 ~x (23)

where r0  ZwI v and (X) -" and
,@ 'O

?t:.."."10

i~,• •- 4 .



where r is the circulation that actually exists. Note that
these boundary conditions differ from the ones previously used
only by the term repzvesentit-w- the shed vorticity. Values ofI k(x) were found by using the 'r?,!ults of Thonian and Szewe~yk 3 3 .
Power29 found that for an impulsively rotated cylinder in a
crossflow the force coefficient was well represented for small
time by

Cl U-i (V _ýd(24)

To apply this to the spinning cylinder crossf low let

Uc USinc1 25

* Xo (26)

(27)

*The local circulation strength is given by

r-4lU (28)

Using equations (214) and (218) one caln write

' I

k(x) (29)~
e 'f l

which i ducerLorsal~

{CO

=6,

is a crosfIL th w correlation contt tat to a l dets.rined frtom

experiment anid K is a cko~sf low Reynolds numabr.

With these new conditions Power 2 S solved the boundaryus
layer equations in a manner similar to that used by aeluesyof
After the velocity profiles were obtained, coytributione to
the Mfagnus force by displacement thickness, radial pressure
gradient, skin friction, and cirulation distributioy were

•- I
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obtained. The final result is given by

60.97+-.(. 1L12 7 C -35 7.3)L 27Ol(L 2

~ 9) G.7(67c 0 C) } '(30)
AResults from the use of this equation are compared with ex-

perimental test results in Figurps 17, 18, and 22.

Iverson28 took an approac~h to the problem that is based
on the same basic idea as the work described above. Instead
of going -through a boundary layer calculation he took a phe-
nomenological approach and tried to find a correlation parameter
ddirectly fromt experimiental results. lie used equations (25)
through (27) repeated below

UO sinck (25)

(26)

and eqiation (24) in the form

C, ~ c) V

Putting these togc~thcr it is possible to Obtain

Ci~id z j-P-- ud} (31)

Ths alocal side tocree coolficie:1t ibeivt oti ihr proje-

side-area anid tlw, e 4lo, 010;1*4ii~xhr o
it for the coplote body. mel intelao~o 1t n bi~

the ~ ~ -- v'Ie'ne~ ea to wd z 4 and~ t liv dyitatmie pros ,ui%-
~tveam to obtain

4

C I() tanct Sid/1 4a _ (32)

Iverscozi2 theit plotted the ili~n~ force coofficient vci:.uzý



2 (L)2 tanct sin314  (U d)

for a number of experimental cases. lie was tiw ablI to find
k which according to the theory should be a copstant good for
many cases. A summary of results based on this equation is

¶ given in the Section IV.

31
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SECTION IV

RESULTS

U The theories outlined in the previous section are compared
with experimental results of a number of investigators working
in many different tunnels. All c! the models were slender,
pointed bodies of revolution with no boattailing. Details as
to Mach number, spin rate, and such are given on the figures.

The theory that has been conmnonly used to predict the
Magnus coefficient for slender bodies of revolution at low
angles of attack is that of Kelley2 5 . The result, obtained
before the work with Thacker 2 6 , was the same as equation (21)
except that it did not contain the higher order term f or spin.
The result is given by

Cy,pc_ 62.672 (33)

It is found that the coefficient does decrease with spin
rate but not at the rate pedicted by equation (21). Equation
(33) then has proven to be more accurate than the higher order
one. For that reason the reesults presented in the following
figures uses equation (33).

The results of the work by [ower and Iverson 2 9 are re-
presented by equation (30) and is show:n for comparisen on
Figures 17, 18, and 22. The value of Co that was urse4 is shown
on each figure.

Equation (32) represents the ;emi-emnpirioai result obtained
bt! Iverson"8 lie found, on looking at experimenvtal data, that
k took on values from 5 to 20. Since k is a constiat of pro-

* peotionality, the C values predicted could be difteront by
as much as a factor o 4. Iii thLis study a large amount of ex-
per imental data was examined in order to find a reasonable
valu.i of k. It has lorg been obverved that the Mag=nu force
increased with spi. rat-At. I a moore or less linear fashion for
low spin rates. At higher spin rates there if; a change in the
slope of the eurve. Since eqt•dtiofl (32) contain no provasxcm
for accounting ior thid nonl-inerity, onlyJ wind tunnel data
in thik spi;n range was axamized in thit; •ittompt to evaluate k.
Dazed on theve restrictionsý5, a value of ý 2 1 wa-., -selgoted.

* The results lot- this arie shown in Pisuret; 3 through 273.
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SECTION V

DISCUSSION AND CONCLUSIONS

As is obvious from Figures 3 to 23, equation (33) gives
reasonable results only in the case of very small angles of
attack. This is not surprising since it was derived for a
laminar boundary layer in incompressible flow with no separa-
tion. The works of Martin2 4 , Kelley and Thacker 2 5 , 2 6 were an
attempt to solve the problem from first principles and were
intended to be the forerunner for theoretical work on more
practical cases. Unfortunately the mathematics involved is so
complex that these much needed improvements have yet to appear.
Indeed it will be necessary to calculate the boundary layer
separation lines on a spinning inclined body of revolution in
order to get the solution from first principles. Some idea
of the magnitude of the problem may be obtained by realizing
that the state of the art is such that this information is
only beginning to be available for non-spinning bodies. These
results are still open to serious question and, in fact, the
definition of what constitutes separation of a three-dimensional
boundary layer is still under debate 3 6 .

For these reasons Power and Iverson 2 9 have taken a semi-
empirical approach based on suggestions 2 7 that the problem
could be treated in a mainner similar to methods used to pre-
dict the non-linear variation of forces on non-spinning bodies.

Power's result, equation (30), does give the proper 3hape
of the Cy,p versus a eurveo.i as s6eti in Figures 17, 18, and 22.
It was necessary to use values of 2.4 to 8 for CO in order to
make the equation fit the data in just these three cases.
Neither Power nor this author has been able to obtain Co in a
systematic way and until this can be done equation (30) will
not be useful in predicting the Magnus force.

..quation (32) with k 10 does give reasonable answers
f or most of the cases studied in this report. There does seem
to be a systematic error that develops in the transonie regien.
This is not sur rising sinee the prediction of any aerodynami.c
chararateristic in this region is difficult. Care should bo
taken in the application of these results. They have been
demonstrated to be valid only up to p 0.4 and for str'aight
afterbodies with no fins or boattails. A variety of nose con-
figu .oation- ale l'Vp1 ¢ ted in the eq•imentad data: cies
.-talt-ObiVe, a., nd Othv•ic-. At thesv low an.le.,.#
ci' attack the MgAnus fot've would not "e expected. to depe-nd
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strongly on the particular shape chosen18 , and indeed this
appears to be the case for the shapes studied. The blunt or
hemispherical nose was not examined.

It is the opinion of this author that the non-linear
variation of C, p with a in this small angle region is assoc-
lated with the formation of the so-called body vortex. This
begins near the base at angles of attack of about six degrees
and as a increases it moves forward until it finally reaches
the shoulder of the nose 3 7 . If this were true, one would ex-
pect boattailing to have a strong influence on the behavior-
of Cyp. This is indeed the case and has been previously
reported by Platou 27 who states that a slight rounding of the
corner of the base caused drastic changes in the Magnus force,
even in some cases changing the sign.

Conclusions

1. Equation (32) with k 10 will yield Cy,p accurately
* enough for preliminary design calculations for pointed, slender

bodies of revolution at small angles of attack, with 9 - 0.4
and outside the transonic region.

2. Much work remains to be done before a method for cal-
culating Cy,p based on first principles is devised.

3. In the small angle-of-attack region the Magnus force
does not depend strongly on the particular pointed nose that

* . -is chosen.

4. More work should be done in order to extend the appli-
cability of equation1 (32) into the region whore Cy,p is a non-
linear function of • and if possible into the tt'ansonic region.

i-,., •,3 7

It

3 -~~~.x t .~ * - .
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